The Subelliptic Heat Kernel on the CR hyperbohc spaces 



We study the heat kernel of the sub-Laplacian on the CR hyperbohc space 11^"+^ 
and on its universal covering 112"+ 1. -yyg work in cylindrical coordinates that reflects 
the symmetries coming from the fibration IHI^"^^ — >■ CH", and derive an explicit and 
geometrically meaningful formula for the subelliptic heat kernel. As a by-product we 
obtain the small-time asymptotics of the heat kernel, as well as an explicit formula for 
the sub-Riemannian distance. 
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1 Introduction 



In this paper we study the subeUiptic structure on the CR hyperbohc model 11^"+^ and 

on its universal covering EI^"+^. We will give the explicit integral representation of the 
subelliptic heat kernel and based on that, we derive the small time asymptotics of the 
kernel. 

The key idea of this work is to observe that the sub-Riemannian structure of H^"^^ 
comes from the fibration: 

§1 — y > CH" 

here H-^""*"^ is the boundary of the unit ball in C^^^ endowed with the hyperbolic metric, 
and CH" is the complex hyperbolic space of dimension n. In another word, we can consider 
]gj2n+i ^ circle bundle over CH". Its vertical space is then generated by the Reeb vector 
field, and its horizontal space is obtained by lifting the vector fields of CH". Due to the 

fact that EI^"'^^ is not simply connected, we will also study its universal covering BI'^"'+^, 
which possesses the sub-Riemannian structure of a line bundle over CH". 

jj[2n+i jg model space of CR-manifold with vanishing pseudo-Hermitian torsion, that 
is, a Sasakian manifold with constant negative sectional curvature (see|ll|). This special 
geometric structure implies the commutation between the Reeb vector field T of the CR 

structure of ]HI2"+^ and the sub-Laplacian L. It then allows us to write the integral 
representation of the subelliptic heat kernel on H^^+i. By applying the steepest descent 
method, we are able to derive the small-time asymptotics of the subelliptic heat kernel as 
well as the explicit formula for the sub-Riemannian distance. The small-time asymptotics 
has three different behaviors on H^'^+^r on diagonal points, on the cut-locus, and off the 
cut-locus. 

Beals-Greiner-Stanton first studied the small-time asymptotics of subelliptic heat ker- 
nel on CR manifolds by using pseudodifferential calculus (see [6j). After that, the study of 
the heat kernel on the Heisenberg group, as a model of flat Sasakian manifold, began with 
Beals-Gaveau-Greiner (see [IS]). In [12], he first established the integral representation 
of the subelliptic heat kernel, which plays a crucial role in obtaining the asymptotics of 
the heat kernel in small time. Later on, Baudoin and Bonnefont (see [3j) studied the heat 
kernel on the 3-dimensional sub-Riemannian manifold with positive constant sectional 
curvature, which may also be identified with the group SU{2). As a multidimensional ex- 
tension, the study of the heat kernel on the CR sphere S^"""^"*^ was done in [4J. In the case 

of negative curvature, Bonnefont gave similar results (see [8]) on the group SL{2,W), as 
the model space of a negatively curved 3-dimensional sub-Riemannian Sasakian manifold. 
As a generalization, in this paper, we study the heat kernel of the n-dimensional Sasakian 
manifold with negative constant sectional curvature. 

The study of finding explicit formulas for subelliptic heat kernels has generated a 
great amount of work (see [l] , [2] , [3] , [4] , [5] [8] , [12] and the references therein) . Explicit 
expressions have numerous applications, for instance: determination of sharp constant 
in functional inequalities (see [7], [i5j), computation of the sub-Riemannian metric (see 
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[3]), sharp upper and lower bounds for the heat kernel (see [5], [10]), and semigroup sub- 
commutations (see [H])- However, despite such numerous works, few explicit and tractable 
formulas are actually known and most of them are restricted to a Lie group framework. As 
a counterpart to the models in [12] and [3|, the present work gives explicit and tractable 
expressions that hold in a natural sub-Riemannian model with negative sectional curva- 
ture. 

The paper is organized as follows. In the first section we study the geometry of the 
complex hyperboloid in C""*"^. We show that it is naturally endowed with a CR structure 
which is conformally equivalent to the CR structure of the Heisenberg group. We introduce 
geometrically meaningful coordinates that reflect the symmetries of the natural fibration 

§1 — y ]H[2"+i — > CM". 

We then study the sub-Laplacian in these coordinates and show in particular that the 
radial part of it can be written 

L = -—r + ((2n — 1) coth r -|- tanhr)-- — h tanh^ 

or'^ or 08'^ 

Based on this expression we deduce our formulas for the subelliptic heat kernels on EI^"+^ 

and IHI^"+^. The expressions we obtain are precise enough to deduce from them the small- 
time asymptotics of the kernel. As a consequence, we obtain an expression for the sub- 
Riemannian distance. 



2 The sub-Laplacian on H^^+i and H^^+i 
2.1 Geometry of the standard complex hyperboloid 

We consider the odd dimensional hyperbolic space IH^"+^, which may be identified with 
the unit ball of C"""*"^ for the Minkowski metric: 

n 

II l|2 I |2 I |2 

k=l 

that is 

Bl2"+1 = {z = {zi,--- , ^n+l) G C"+\ \\z\\h = 1}. 

Let us first observe that EI^"^^ appears as the boundary of a domain wich is biholomor- 
phically equivalent to the Siegel domain. Let B""*"^ = {z £ C"^^ : \\z\\h < 1} be the unit 
ball in C"+^ 

Consider the Cayley transform B"+^ — > ^n+n 

^ f Zi Zn .Zn+l + l\ 

V^n+l-l Zn+l -I Zn+l -I J 
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where 

Qn+i = {(.z,w) G C" X C : Im(u;) > \\zf}, 

is the Siegel domain and || • || is the standard norm in C", C is a biholomorphism. 

In particular, the restriction on to the surface minus a point, gives a CR diffeomorphism 

on to the boundary of the Siegel domain. 

C ■ El2"+i \ {en+l] dQn+i 

where e„+i is the north pole 0. 

Due to the strict pseudo-convexticity of 9ri„+i (see [U]), we can conclude the strict 
pseudo-convexticity of H^""'"^. 

Moreover, we have a well known CR diffeomorphism from the Heisenberg group H„ 
to the boundary of the Siegel domain 

with inverse 

w) = {z, Re(u')), z G C", weC 

Thus we obtain the CR equivalence between the hyperbolic space and the Heisenberg 
group which is given by: 

F : \ {e„+i} ^ H„, F = f-' o C 

It is now time to introduce the CR structure on H^"^^. There is a canonical contact 
form rjQ on Hn given as follows (see |9j), 

n 

r]o = dt + i {zjd'Zj — 'zjdzj) . 
i=i 

It is a pseudo-Hermitian structure on (H„, Ti^o(Hn)) which shows the strict pseudo- 
convexity. Here Ti^o(H„) denotes the CR structure on H„. By pulling back r]Q, we obtain 
a contact form r]i on H^""''-'^, i.e. 

. / n 

rji = F*r]o = ^^{zjdzj - zJdzj) - (zn+icfz^^ - z^dzn+i) 

l^n+l i| \^^.^, 

The associated Levi form —idiji then defines a sub-Riemannian structure on tangent space 
of M^'^+i. 

There is a natural group action of on H^""*"^ which is defined by 

(zi,--- ,zn) {e^'^zi,--- ,e*^z„). 

^ We call north pole the point with complex coordinates zi = 0, ■ ■ ■ , z„+i = 1, it is therefore the point 
with real coordinates (0, • • • ,0, 1, 0). 
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The generator of this action shall be denoted by T throughout the paper. We have for all 
/ G C°°(El2"+i) 

Tf{z) = ^fie'^z) \e=o, 

so that 

n+l 



This action induces a fibration (circle bundle) from EI^"+^ to the projective complex space 
CH". 

Let T] be the standard pseudo-Hermitian contact form on EI^"+^, then 

ry = M ^{zjdzj - Zjdzj) - (z^dz^+i - Zn+idz^i:^) . (2.1) 

The vector field T is the Reeb vector field (characteristic direction) of r], i.e., ??(T) = 1, 
and we can easily find that r/ = ^^"^2~^^ ^i' 

Remark 2.1 In the case of n = l, we have 

W^ = {Z = {zi,Z2) G C^, |Z2|2 - = 1}. (2.2) 

It is isomorphic to the group 5L(2,M) = |(^^ ,a,b,c,deR,ad-bc=l 
Indeed, by writing z\ = xi + iyi, Z2 = X2 + iy2, xi, X2,yi,y2 G M we see that (KM becomes 

2,2 2 2 1 

x2 + y2-xi-yi = i 

that is 

{xi + X2){xi - X2) - {yi + y2){yi - 2/2) = 1 

Then by denoting 

a = xi + X2,d = xi - X2,b = yi + y2, c = yi - y2, 

we can obtain the isomorphism between the two spaces. 

In this case has a special group structure, and the study of the sub-Laplacian and 
the corresponding heat kernel is done in J^. 

Notice that IH^"^"'^ is not simply connected. In the sequel we will also study the 
universal covering of H^"'"''^ which shall be denoted by EI^"+^. 
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2.2 The sub-Laplacian 

To study the sub-Laplacian^ let us first focus on the ]HI^"'+-'^ case. Then we will lift the 

subelliptic structure to EI2"+^. 

We now introduce a set of coordinates that takes into account the symmetries of the 
fibration 

§1 — y > CM" 

where CH"" is the complex hyperbolic space that is the unit ball in C": 

{v = {vi,--- ,Vn) G C", < 1} 

endowed with the metric 

n 

= ^ Ujidvj A dv^ (2.3) 

j,k=i 

where \\vf = YJLi l^fcP' « = " log(l " (ELi ^fc))' and = for fc = 1, • • • , n. 
The new coordinates are given as follows. 

Let {wi,--- ,Wn,d) be local coordinates for iP'^'^^, where {wi,--- ,Wn) arc the local 
inhomogeneous coordinates for CH" given by Wj = Zj/zn+i, and is the local fiber 
coordinate. 

That is, {wi,--- ,Wn) parametrizes the complex lines passing through the north pole, 
while 9 determines a point on the line that is of unit distance from the north pole. More 
explicitly, these coordinates are given by 

(-1, • • • , -n, ^) ^ f • • • , ] , (2.4) 



where p = \/J2]=i l^iP' ^ ^ R/2ttZ, and w G CH". In these coordinates, it is clear that 



r = |. (2.5) 



By using the diffeomorphism 

/ if) if) » 

/ KWie KWnG Ke 



and then restrict to the surface on which we have: 

K= 1,^=0, 
OK 

we compute that on ]HI^"+^, for 1 < A; < n 

d 



dzk dwk 

9 f, o ie 9 

— = Vl-P^e' = 



6 



and 



9 /- ^ id ( 1 



Plug into ()2.ip . we obtain 



2(1 

The Levi form is then given by 

^ n \ ^ 

Ln = idr] = j ^ dwj A dwj + — ^ ^ W^Wjdwk A dWJ, (2.6) 

which coincides with the metric 17 on CH". (see (j2.3p ) 

Let F(]H2"+1) denote the Levi distribution of r(IH2"+^), on which we define the bihnear 
form (as well as on its C-bilinear extension) as follows 

'^v = 

The Webster metric then may be given as 

Qr^ = TTnGrj + T] T], 

where tth : T(EI^""'"^) — > H{lP^^^) is the projection associated with the direct sum 
decomposition 

T(IH2"+1) = //(M^^+i) e RT 

and {TTHG.r^){X,Y) = G^{^hX,tthY), for any X,Y e T(El2"+i). 

Now consider the horizontal lift of the vector fields on r(C]HI"), and denote 

them as {Tfc}^^^, we have 

d Wk d 



r. = VT^e-»^_ + ^^-j, .= !,...,„ (2.7) 

Observe that {T/cTfc}^^^ forms a basis of the horizontal space of T(]HI^"^"^). Our goal is 
now to compute the sub-Laplacian L. 

Let us recall that on a strict pseudoconvex CR manifold M endowed with a pseudo- 
Hermitian structure rj, the sub-Laplacian L is given by (see [^) 

Lu = traceG^{vr//V^ii} 

for any u G C^(EI^"'^^). Now we deduce the following expression of L on H^""*""^. 
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Proposition 2.2 Let L be the sub-Laplacian on IHI^"^"'^ with respect to the contact form 
Tj. In the coordinates \2.4% we have 



n n2 o2 Q 

k=l " 



where n = Y]l=iWk^^ 



Proof. First notice that for any local frame {Tk}^^i of Ti o(IHI^"+^), let /i^- = Lrj{Tk,Tj), 
we have 

n 

= E (^''■(V'«)(rfc,7}) + h'^^{V\){n,T,)) , (2.8) 

where [/i^^] = [/i^^-J-^see [9j, P117). By I^Ml, we compute that 

h''^ = 2{5kj -Wwj), kj = l,---,n (2.9) 
Plug (HZD and (HJ]) into ([22]) we obtain 



dwkdwk dO"^ do 



□ 



Prom (|2.6p we know that the volume form ^ on H^""'"^ is given by 



2 

^ = 7] A {driY = ^^^det{af^-^)d6 A dwi A-- - A dwn A dw^ A • • • A dm^ 

where Oj^-j: = 1, a^j = Wj^Wj, for l<k,j<n, k^j. We can observe that L is symmetric 
with respect to this measure. Since H^""*"^ is complete, we deduce that L is essentially 
self-adjoint on C^{m'^''+^). 

Remark 2.3 The sub-Laplacian turns out to be related to a natural hyperbolic operator 
on H^"^"'^. Indeed, let □ denote the hyperbolic operator on H^""^^, we can describe it from 
the one on C"^"*^. The hyperbolic operator on C^'^^ writes 

/ - ^2 \ 

□c = 4 5^ 



dzkdz^ dzn+idzn+i 



Let f : H^"'^"'^ — > C be a smooth function, then it may be extended to C"+^ \ {0} by 



/(-) = /(4), 
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then we have on EI^"+^ 

Df{z) = Dcf{z). 
Simple but tedious calculations then show that 

T.7r^- ^ ]+{S + Sf + {2n + l){S + S). 

where S = Yl^=i ^k'^- ^''^ coordinates {2.4^ it writes: 

k=l 

From this we can observe that L is related to □ by the formula: 

L = n + T^, (2.10) 

here T = ^ . 

Remark 2.4 We can observe, a fact which will be important for us, that L and T com- 
mute, that is, on smooth functions 

TL = LT. 

Due to the symmetries of the fibration E[^"+^ — )• CH", in the study of the heat kernel, 
it will be enough to compute the radial part of L with respect to the variables {p,0). 
Let us consider the following second order differential operator 

r /-, 2^2 52 , 2^ A2n- 1) \ d 2 52 



which is defined on the space T> of smooth functions / : ]R>o x M/27rZ — )■ M that satisfies 
dp 



— — if /? = 0. It is seen that L is essentially self-adjoint on T> with respect to the 



measure i\n+i dpd9. 



Proposition 2.5 Let us denote by ip the map from IH2"+^ to R>o x R/2ttZ such that 
For every f £ D, we have 

L(/ o V^) = (L/) o ^. 
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Proof. Notice that by symmetries, we have 



\k=l 



and 



7^(/oV') = 7^(/ov^) = ( ( ^p^^f]o^p. 



Together with Proposition 12.21 we have the conclusion. □ 

Finally, instead of p, it will be expedient to introduce the variable r which is defined 
hy p = tanhr. It is then easy to see that we can write L as 

L = —. + ((2n- l)cothr + tanhr) — + tanh2r—^. (2.11) 
ar^ or oO'^ 

This is the expression of L which shall be the most convenient for us and that is going to 
be used throughout the paper. 

The invariant and symmetric measure for L is given by 

27r"' 

dpr = — — —(sinh r)2"~-'^ cosh rdrti^. 

r(n) 

Remark 2.6 In the case o/H'^ (n = 1), which is isomorphic to the Lie group SL{2), we 
obtain 



= + 2coth2r— + tanh r—r 

This coincides with the result in 18]. 

Remark 2.7 By Remark \2.3[ we see that the radial part of the hyperbolic operator in 
cylindrical coordinates is 

a2 (9 1 52 

a = -^ + {{2n-l)cothr + tanhr)- t^t^- (2-12) 

ar^ or cosh r oa'' 

On the other hand, since in the coordinates i2.4\ ), we have Zn+i = coshre*^, it is clear 
that the Riemannian distance 5 from the north pole satisfies 

cosh 5 = cosh r cos 6. 

An easy calculation shows that by making the change of variable cosh 5 = cosh r cos 0, the 
operator □ acts on the functions depending only on 5 as 

^ + 2ncoth5-. 
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We denote it as A, which is known to be the expression of the radial part of Laplace- 
Beltrami operator on hyperbolic spaces in spherical coordinates, with symmetric measure 



^(sinh5)2"d5. 



Let us now move to the case of the universal covering EI^'^+i. First note that H^""^^ 
is the complex hyperbolic space CH" endowed with a circle bundle §^ structure, and 

therefore, El2"+^ is CH" endowed with a line bundle M structure. In the local coordinates, 
it is represented as 

{wi,--- ,Wn,e) G C" X M 

and the projection from H^^+i to EI^"'^^ is obtained by projecting the 9 part on ]R/27rZ. 
Clearly, the lift of the vector fields {Tfc}^^^, T are still given by the same expression as in 
([27711 and ([23]), but are now defined for ah (wi, • • • , 6*) G x R. 

The subelliptic operator L (as well as its radial part L) defined on El2"'+^ obviously 
shares the same properties as the ones on H'^"'"^^. 

3 The subelliptic heat kernel on H^^+i and H^^+i 
3.1 Integral representation of the heat kernel 

It is known (see [13j) that the Riemannian heat kernel associated to A issued from the 
north pole writes 



2 2 

9 I I TT — U 



„(c„.h S) = r I d„ (3.13) 

(27r)"+iV^ Jo (coshu + cosh5)"+^ 



where, as above, 5 is the Riemannian distance from the north pole. Another useful formula 
for the heat kernel qt which shall be used later in obtaining the small-time asymptotics is 
as follows: (see [IS], P105) 

q,(coshS) = ^(-——--) (e-^). (3.14) 



/ivrt \ 27r sinh 6 86 
Easy calculation shows that qt satisfies the following equations: 

d 

— (cosh r cos 0) = □ ( cosh r cos 0) 

where □ as defined in (I2.12P is a hyperbolic operator on (0, 00) x [— vr, vr], which is symmetric 
with respect to the measure (sinh r)^""-*^ cosh riird^. We also have 

d 

— g(( cosh r cosh y) = Ag^ (cosh r cosh y) (3.15) 
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where 



92 d 1 d'^ 

A = —r + ((2n - 1) cothr + tanhr)— + -^tt^. 

or^ or cosh r oy^' 



is a ehiptic operator defined (0, +00) x M, it is essentially self-adjoint with respect to the 
measure (sinh r)-^"~^ cosh rdrdy. 

The key idea is to observe that since □ and ^ commute, by (|2.10p we formally have 



JL t 



tD 



(3.16) 



This gives a way to express the sub-Riemannian heat kernel in terms of the Riemannian 
one. Using the commutation (I3.16P and the formula cosh 5 = cosh r cos 0, we then infer 
the following proposition. 

Proposition 3.1 For t > 0, r G [0, +00), 9 £ (—00, +00), the subelliptic heat kernel on 
]g[2n+i j^g given by 



1 



/A-Kt 



+00 , .„,2 



e « (cosh r cosh 



(3.17) 



more precisely, 
Proof. Let 



r(n + l)e-"'*+^ 



htir,e) 



'A-Kt 



hoo r+oo g sinh u sin (If ^ 

00 Jo (cosh u + cosh r cosh y)"'' 



e 4t g4(coshr coshy)(iy, 



jdudy. (3.18) 



o2 Q 

and Lq = + ((2n — 1) cothr + tanhr)^. Using the fact that 



ale 4t 
di 



47rt 



die 4t 
9^ 



47rt 



die 4t 
9y2 



47rt 



(3.19) 



and by (j3.15p we have 
9 



dt 



((7t(coshr coshy)) 



cosh^ r 



((7t(coshr coshy)). 



A double integration by parts with respect to y gives us that 



d_ 
di 



/Ant 



e 4t I Lq — tanh r-^^ ) (7((coshrcoshy)dy 



dy^ 
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On the other hand, since L = Lq + tanh^ r- 



L{ht{T,e)) 



+00 



tanh r 



2 ale it 



(y-ie 



80^ 



(cosh r cosh y) + 



e it 



Lq (gt (cosh r cosh 2/)) 



By p.l9p and another double integration by parts with respect to y we obtain that 

On the other hand, it suffices to check the initial condition for functions of the form 
/(r, 0) = e^'^^ g{r) where A G M and g is smooth. We observe that 



ht* f 
27r" 



r>0 Je=-oo 



ht{r,0)f{r,9)dfir 



r>0 Je=~oo Jy>0 



e it -\- e it 



(cosh r cosh y)e* g{r){sm\].r) " cosh rdydOdr 



Now by changing the contour of the integral we get: 



e=-oo 



e it 



r 1 




' e it \ 


Je=-oo 1 





and 



e=-oo 



e it 



e^^^dO = e-^y 



+00 



e it 



e=-oo \ vA-Kt 



Hence 



ht* f 



r(n) 



htir,e)fir,e)dfir 



r>0 Je=-oo 



+00 



(cosh r cosh y)(7(r) cosh( Ay) (sinhr) " coshr dydr 



r>0 Jy>0 



(7t(coshr coshy)/(r, y)dfir 



I r>0 J y=—oo 

e-^'*e*^(/)(0) 



where l{r, y) = g{r) cosh(Ay), and it tends to /(O) as t goes to 0. Therefore ht* f converges 
to as t goes to 0. 

Thus ht{r,6) is the desired subelliptic heat kernel. We then obtain the expression 



" (r, 6) by plugging in (|3.13p . 

We can then easily deduce the subelliptic heat kernel on H^""*"^. 



□ 
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Proposition 3.2 Fort > 0, r G [0,+oo), 9 G [— 7r,7r], the subelliptic heat kernel on EI^"+^ 
is given by 



(27r)'^+^t ^^J_ao Jo (cosh + cosh r cosh y)*^ 

(3.20) 

Frooj. it s easy to see that satishes the heat equation -^Pt = -^P™ ! where L 

is the sub-Laplacian defined on H^"'^^. The initial condition is easily obtained by checking 
that 

□ 

3.2 Asymptotics of the subelliptic heat kernel in small times 

We mainly study the small-time asymptotics of the subelliptic heat kernel on BI^"+^. The 
ones on EI^"^-^ are exactly the same, since by (j3.2p we know that in small time the leading 
term in the sum is the term when A; = 0. For this reason, we will use the notation pt for 
both cases in the sequel. 

Now to write the small-time asymptotics, let us first recall the other expression ()3.14p of 
the heat kernel qt we mentioned earlier. From it we easily obtain the following asymptotics 
of the heat kernel 

1 f ^ \" f -I ( 2 n(n — l)(sinh5 — (5cosh(5) \ nt 2^ 



%(cosh5) = — — e^4F 1 + - ^ '\ _ L ] t + 0{t 

(47rt)"+^ Vsinh(5y y V iJ^'smh^ / 

(3.21) 

where 6 £ [0, +oo) is the Riemannian distance. 

First, we study the asymptotics of the subelliptic heat kernel when f — )• on the cut- 
locus of 0. Together with ()3.17p . let us first deduce the following small-time-asymptotics 
of the subelliptic heat kernel on the diagonal. 

Proposition 3.3 When t — )• 0, 

Pti0,0) = j^^{A^ + B^t + O{t')), 

where A = i/" ^ ^ y" (^{2 _ n{n^l)(sin\iy^ycoshy) \ , 

" J— CO (sinhy)" ^ " J— oo (sinhj/)" y V'' sinh y J ^' 

Froof. We know that 

Pt{0,0) = — / eit qt{cosliy)dy. 



/4TTt 

Plug in (|3.2ip . we have the desired small time asymptotics. □ 
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Proposition 3.4 For 9 eM, t ^ 0, 



Pt{0,e) 



nn — 1 



23"i2n(j^ - 1)! 



e —{l + 0{t)) 



Proof. Let G M, we have 



1 



e « qt(coshy)dy. 



Moreover, by ()3.2ip . we know that 

%(coshy) ~t^o 

This gives 



(47rt)"+2 Vsinhy 



e 4t 



Pt{0,9) ~j^o 
By the residue theorem, we get 



e 4t 



(47rt) 



y -iMi , 

e 2t dy. 



(sinhy)'' 



- — ^ — —e'^dy = -2m > Res 
oo (smhy)" ^ \ 



e 2t 



I (sinhy)" 



1 



in— 1 



(n - 1)! 



(e^ - e-?')" 



y=—kTvi 



Write W{y) = j^^^^z^^^, W{y) is analytic around —kiri, and satisfies 



W{-km) 



1 



Hence the residue is 



1 d 



n-l r 



{n-iy. 5y"-i 



y=—kivi 



This is a product of e 2t and a polynomial of degree n— 1 in We are only interested in 
the leading term which plays the dominant role when f — t- 0. Thus we have the equivalence 



-27ri d 



in— 1 



(n - 1)! 
At the end, we conclude 



e-¥2VW^(y) 



^ j^^fcn+ji^n+l^n- 1 

y=-kni (n- l)!2"-2t"-i 



e 2t 



_9i 

e 4t 



(47rt) 



n+l 



E 



.l)kn+n^n+l0n-l 

-e 2t 



l)!2"-2t"-i 
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that is 



□ 



We now come to the points that do not he on the cut-locus, i.e., r / 0. First we deduce 
the case for (r, 0). 

Proposition 3.5 For r G (0,+oo), we have 



e it /' r \'n I 1 

pt{r, 0) 



(^4-jit)'^+l Vsinhr/ V?^cothr — 1 

as t — )- 0. 

Proof. By proposition l3.lt 



Pt{r,0) = —= I e4t (cosh r cosh y)(iy, 



00 



/47rt 

together with (j3.2ip . it gives that 

1 + (cosh~l(coshrcoshi;))^-i;^ / COSh~ ^ (cOSh T COSh 7/ ) \ 

We can analyze it by the Laplace method. Notice that on R, the function 

f{y) = (cosh^^ (cosh r cosh y))^ — 
has a unique minimum at y = 0, where /(O) = and 

/"(O) = 2(rcothr - 1). 

Hence by the Laplace method, we can easily obtain the result. □ 

We can now extend the result to the case 7^ by applying the steepest descent 
method. 

Lemma 3.6 For r G (0, +00), 9 G (—00, +00), 

f{y) = (cosh^"*^ (cosh r cosh y))^ — {y — iO)"^ 

defined on the strip |Im(y)| < arccos ( ^^^^^ ^ ) has a critical point at iip{r,9), where ip{r,d) 
is the unique solution in (—arccos (^j^g^) , arccos ( cosh r ) ) equation 

cosh"^(coshrcos99(r,6')) 
(p[r,d) — t> = cosh r sm (f(r, U) — ^ . 

cosh^ r cos^ ip{r, 6) — 1 
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Proof. Let u = cosh r cos (p, 

d I , . cosli^^ (cosh r cos (i?) \ sinh^ r / u(r, 9) cosh~^ u(r, 9) \ 
-— (p — coshr sm 09 — , = — — —75 1 ^ = — - 

dv>\ VcoshVcosV-iy ^(^,^)'-iv V^^^^^i^;9yn: J 

is negative, thus 9 — >■ (p — coshr sin — (cosh r cos ^ strictly decreasing on (—00, +00), 

Y cosh r cos^ tp—l 

hence the uniqueness. □ 
Moreover, observe that at i(p{r,9), 

2sinh^r j u{r, 6) cos^^ u{r, 9) \ 



u{r,9)^-l \ ^u'^{r,9) - 1 



is a real positive number, where u{r,9) = coshr cos p{r, 9). 
By using the steepest descent method we can deduce 

Proposition 3.7 Let r G (0, +00), 9 G (—00, +00). Then when t ^ 0, 

1 {cosh'Ui{r,9)y 



Ptir,9) 



(47rt)"+2 sinhr I u(r,e) cosh-^ ujrfi) (u(r,9)'^ - ll~ 

^yn^r,6)-l 



where u{r,9) = cosh r cos (p{r,9). 

Remark 3.8 By symmetry, the sub-Riemannian distance from the north pole to any point 

on H^^+i only depends on r and 9. If we denote it by d{r,9), then from the previous 

propositions, 

(1) For9^M., 

d^{0,9) = 2Tr\9\ + 9^ 

(2) For 9 eR, re (0,+oo), 

, _ {^{r,9)-9)H^nh'r 
'~ sin2(^(r,0)) 

The above formulas also work for M'^'^'^^ if we restrict 9 to [— 7r,7r]. 

Acknowledgements: The author wishes to thank Prof. Fabrice Baudoin for his constant 
interest and the many helpful conversations. 



17 



References 



[1] Agrachev A., Boscain U., Gauthier J. P., Rossi F. The intrinsic hypoelliptic Laplacian 
and its heat kernel on unimodular Lie groups, Journal of Functional Analysis, Vol. 
256, 8, (2009), 2621-2655. 

[2] Barilari D., Trace heat kernel asymptotics in 3D contact sub-Riemannian geometry, 
larXiv:1105.1285l 

[3] Baudoin, F., Bonnefont, M. The subelliptic heat kernel on SU(2): representations, 
asymptotics and gradient hounds, Math. Z. 263 (2009) 647-672 

[4] Baudoin, F., Wang, J. The subelliptic heat kernel on the CR ■sp/tere. [arXiv :1112.3084Vl 

[5] Beals, R., Gaveau, B., Greiner, P. C. Hamilton- J acohi theory and the heat kernel on 
Heisenberg groups, J. Math. Pures Appl. 79, 7 (2000) 633-689 

[6] Beals, R., Greiner, P. C., Stanton, N. K., The heat equation on a CR manifold, J. 
Differential Geom. Volume 20, Number 2 (1984), 343-387 

[7] Branson, T.P., Fontana, L., Morpurgo, C. Moser-Trudinger and Beckner-Onofri's 
inequalities on the CR sphere, arXiv:0712.3905v3 

[8] Bonnefont M., The subelliptic heat kernel on SL(2,R) and on its universal covering: 
integral representations and some functional inequalities. Potential Analysis, (2012) 
Vol. 36, Number 2, 275-300 

[9] Dragomir S., Tomassini G., Differential geometry and analysis on CR manifolds, 
Birkhauser, Vol. 246, 2006. 

[10] Eldredge, N. Gradient estimates for the subelliptic heat kernel on H-type groups. J. 
Funct. Anal. 258 (2010), pp. 504-533. 

[11] Gadea, P. M., Oubiha, J. A. Homogeneous Kdhler and Sasakian structures related to 
complex hyperbolic spaces. Proc. Edinb. Math. Soc. (2) 53 (2010), no. 2, 393-413. 

[12] Gaveau B., Principe de moindre action, propagation de la chaleur et estimeees sous 
elliptiques sur certains groupes nilpotents. Acta Math. Volume 139, Number 1, 95-153, 
(1977). 

[13] Gruet J. C., Semi-groupe du mouvement brownien hyperbolique, Stochastics and 
Stochastic Reprots. 56 (1996) 53-61 

[14] Li H.Q., Estimation optimale du gradient du semi-groupe de la chaleur sur le groupe 
de Heisenberg., Jour. Func. Anal. , 236, pp 369-394, (2006). 

[15] Lieb, E., Frank R., Sharp constants in several inequalities on the Heisenberg group., 
larXiv: 1009.14101 To appear in Ann. Math. 



18 



[16] Taylor, M. E. Partial differential equations. II, Applied Mathematical Sciences 116, 
Springer- Verlag, New York (1996) 



19 



